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Abstract 

We derive upper estimates of transition densities for Feller semi- 
groups with jump intensities lighter than that of the rotation invariant 
stable Levy process. 

1 Introduction and Preliminaries 

Let a G (0, 2) and d — 1,2, ... . For the rotation invariant a - stable Levy 
process on M. d with the Levy measure 
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the asymptotic behaviour of its transition densities p(t, x, y) is well-know 
(see, e.g., pQ), i.e. 



Estimates of densities for more general classes of stable and other jump 
Levy processes gradually extended. Obtained results contained estimates for 
general stable processes in [281 E] and tempered and layered stable processes 
in [21] and [26]. 

In [25] estimates of semigroups of stable-dominated Feller operators are 
given. The corresponding Markov process is a Feller process and not neces- 
sarily a Levy process. The name stable dominated refers to the fact that the 
intensity of jumps for the investigated semigroup is dominated by (CD). In the 
present paper we extend the results obtained in [25] and give estimates from 
above for a wider class of semigroups with intensity of jumps lighter than 
stable processes. We will now describe our results. 

Let / : M. d x M. d i— > [0, oo] be a Borel function. We consider the following 
assumptions on /. 

(A.l) There exists a constant M > such that 



where : [0, oo) — > (0, 1] is a Borel measurable function such that 
(a) 0(a) = 1 for a G [0, 1] and there is a constant C\ = Ci(0) such that 




f(x,y)<M 



<j>(\y-x\) 



x,y G R d , y ^ x, 




0(a) < ci0(6), 



a-b\ < 1 



(b) G C 2 (l, oo) and there is a constant C2 = C2(0, a, d) such that 

max(|0'(a)|,|0"(a)|)<c 2 0(a) 



for every a > 1. 




dz < C3 



<j>(\y-x\) 
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(A. 2) f(x, x + h) = f(x, x - h) for all x, h G R d , or a < 1. 

(A. 3) /(x, y) = /(y, x) for all x,y £ R d . 

(A. 4) There exists a constant C4 = 04(0, a, d) such that 

inf f Jr^ d y^ c * £ ~ a > £>0 - 

^ d J\y~x\>e <P{\y - X\) 



Denote 



b £ (x) = / f(x,y)dy, e > 0, x G 

J \v—x\>e 



\y—x\>e 

It follows from (A.l) that there is also the constant C5 = cs(0, a, d) such that 
b £ := sup b £ (x) < c 5 e~ a , < e < 1. 



Thus, (A. 4) is a partial converse of (A.l) and we have 

6 e := inf 6 e (x) > c e e~ a , < £ < e , 



for constants e = £ o(0) Ce = c 6(0 ; 

We note that the assumption (A.l)(c) is satisfied for every nonincreasing 
function (p : (0, 00) — > (0, 1] such that 

4>(a)(f)(b) < ccj)(a + b), a, b > 1, 

for some positive constant c. Therefore it is easy to verify that all the as- 
sumptions on (ft are satisfied, e.g., for functions <p(s) = e ( - 1-s/3 ) A 1, where 
P E (0,1], <j)(s) = (1 Vs)" 7 , where 7 > 0, <f>(s) = l/log(e(s V 1)), <f>(s) = 
1/ loglog(e 6 (s VI)), and all their products and positive powers. 

It is also reasonable to ask if the conditions in the assumption (A.l) are 
satisfied by more general functions of the form 



(2) 



e" ms V if s > 1, with m, f3 > 0, 7 G 



if sE [0,1], 



In this case, both conditions (a) and (b) on <fi hold for /3 G (0, 1] with no 
further restrictions on parameters m and 7, while, as proven in Section [31 the 
condition (c) is satisfied when /3 G (0, 1] and 7 < d/2 + a — 1/2. Furthermore, 
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this restriction on parameters is essential (see Remark [T] in Section 3). Note 
also that this range of (3 and 7 in ([2]) covers, e.g., jump intensities dominated 
by those of isotropic relativistic stable processes (see e.g. [201 Lemma 2.3]). 

For x G R d and r > we let B(x,r) = {y G R d : \y — x\ < r}. B b (R d ) 
denotes the set of bounded Borel measurable functions, C^(R d ) denotes the 
set of k times continuously different iable functions with compact support and 
C 0O (R d ) is the set of continuous functions vanishing at infinity. We use c, C 
(with subscripts) to denote finite positive constants which depend only on 
(the constant M), a and the dimension d. Any additional dependence is 
explicitly indicated by writing, e.g., c = c(n). The value of c, C, when used 
without subscripts, may change from place to place. We write f(x) ~ g(x) 
to indicate that there is a constant c such that c~ 1 f{x) < g(x) < cf(x). 

Under the assumptions (A.l) and (A. 2) we may consider the operator 



Atp(x) = lim / (<p(y) - tp(x)) f(x,y)dy 

J\y-x\>e 

{if{x + h) — f(x) — h ■ V<p(x)l\h\<i) f(x, x + h) dh 
+ - f h- Vip(x) (f{x, x + h)- f(x, x - h)) dh, up e C c 2 (M d ). 
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h\<l 



Recall the following basic fact (see [251 Lemma 1]). 

Lemma 1 If (A.l), (A. 2) hold and the function x — > f(x,y) is continuous 
on R d \ {y} for every y G M. d then A maps C^(M. d ) into Coo(lR d ). 

In the following we always assume that the condition (A.l) is satisfied. 
For every e > we denote 

f e (x,y) = l B (o,ey(y - x)f(x,y), x,y G R d , 

and 

A £ if(x) = / (<p(y) - <p(x)) f £ (x, y) dy, <p G B b (R d ). 



Note that the operators A £ are bounded since |^4 e y9(x)| < 2||y9|| 00 6 e (x) < 
y||oo- Therefore the operator 



e tA e 



' t n A? 



EL 
— p, t>0, £ >0, 
n I 



n=0 
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is well-defined and bounded from Bb(M. d ) to £?&(R"). In fact for every e > 
the family of operators {e tAs , i < 0} is a semigroup on I?b(R d ), i.e., e^ t+s ^ Ae = 
e tAe e sA E f or a jj t, s > 0, G £?(,(lR d ). We note that e tAe is positive for all 
t > 0, e > (see ©). 

Our first result is the following theorem. 

Theorem 1 If (A. 1) - (A. 4) are satisfied then there exist the constants 
C\ and C*2 such that for every nonnegative (p G Bt>(M. d ) and e G (0, Eq A 1) we 
have 

e^(x) < C ie ^ J <p{y) min (V<^, ^ dy + e^VO*), 
/or every x G M d . 

The proof of Theorem [I] is given in Section [2j To study a limiting semi- 
group we will need some additional assumptions. 

(A. 5) The function x — > /(x, y) is continuous on M d \ {y} for every w G M d . 

(A. 6) .A regarded as an operator on Coo(R d ) is closable and its closure A 
is a generator of a strongly continuous contraction semigroup of operators 
{Pt, t > 0} on CcoM- 

Clearly, for every G C^(IR d ) with sup xgR( i <f(x) = </?(xo) > we have 
Aip(xo) < 0, i.e., A satisfies the positive maximum principle. This implies 
that all P t (t > 0) are positive operators (see [Bl Theorems 1.2.12 and 4.2.2]). 
Thus, by our assumptions, {P t , t > 0} is a Feller semigroup. 

The following theorem is our main result. 

Theorem 2 If (A.1)-(A.6) hold then there is p : (0,oo) x R d x R d 
[0, oo) such that 



P t <p(x) = / tp(y)p(t } x, y) dy, x G M d , t > 0, <p G C, 



and 



(3) p(f , x, y) < de * min (V^, |^|^ ) , x, y G * > 0. 
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We note that A is conservative, i.e., for if G C%°(R. d ) such that < 
ip < 1, 99(0) = 1, and <Pk(%) = f(x/k), we have sup fc6N H^l^itlloo < 00, and 
linifc^ 0O (^4(y9fc)(x) = 0, for every x G It follows from Theorem 4.2.7 in [8] 
that there exists a Markov process {Aj, t > 0} such that E[<^(X i )|Xo — x] — 

PMx). 

It is known that every generator G of a Feller semigroup with C£°(R d ) C 
T>(G) is necessarily of the form 

(4) = ^ q ij (x)D Xi D Xi Lp(x) + Z(x)Vyg(:r) - c(x)yg(x) 

+ y (</?(x + h) - ip(x) - h ■ Vip{x) l\h\<i) v{x, dh) , 

where G C c °°(R d ), = - =1 is a nonnegative definite real sym- 

metric matrix, the vector l(x) = (li(x))f =l has real coordinates, c(x) > 0, 
and u(x, •) is a Levy measure (see [13 Chapter 4.5]). 

The converse problem whether a given operator G generates a Feller semi- 
group is not completely resolved yet. For the interested reader we remark 
that criteria are given, e.g., in [HI [121 H3J EH US] - Generally, smoothness of 
the coefficients q, I, c, v in @ is sufficient for the existence (see Theorem 5.24 
in [TU], Theorem 4.6.7 in [T7] and Lemma 2 in [23]). Other conditions are 
given also in |22j . 

Z.-Q. Chen, P. Kim and T. Kumagai in [61 [TJ [5] investigate the case of 
symmetric jump-type Markov processes on metric measure spaces by using 
Dirichlet forms. Under the assumption that the corresponding jump kernels 
are comparable with certain rotation invariant functions, they prove the exis- 
tence and obtain estimates of the densities (see Theorem 1.2 in [5]) analogous 
to ([3]). In the present paper we propose completely different approach which 
is based on general approximation scheme recently devised in [25]. In The- 
orem [2] we assume the estimate (A.l) from above but we use (A. 4) as the 
only estimate for the size of / from below. We also emphasize that we obtain 
exactly cf)(\x — y\) in and from [7J \5\ follow estimates with <p(c\x — y\) for 
some constant c G (0,1). This seems to be essential especially in the case 
of exponentially localized Levy measures. Our general framework, including 
a layout of lemmas, is similar to that in [25]. However, in the present case 
the decay of the jump intensity may be significantly lighter than stable and, 
therefore, much more subtle argument is needed. Note that the new condi- 
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tion (A.l)(c), which is pivotal for our further investigations, is necessary for 
the two-sided sharp bounds similar to the right hand side of flSD- 

Other estimates of Levy and Levy-type transition densities are discussed 
in [111 [19]. In [2T|, [23] the derivatives of stable densities have been considered, 
while bounds of heat kernels of the fractional Laplacian perturbed by gradient 
operators were studied in [2J. An alternative approximation scheme is given 
in @]. 



2 Approximation 



In this section we apply an approximation scheme recently devised in [25] . 
We have 



Ae<p(x) = I (ip(y)-ip(x))f £ (x,y)dy+(b £ -b £ (x)) / (<p(y) - <p(x))5 x (dy) 

(<f(y) -<fi(x))v £ (x,dy) 
T £ cp(x) - b e <p(x), cp G B b (R d ), x G R d , 



where 
and 



u £ (x, dy) = f £ (x, y) dy + (b £ - b £ (x))6 x (dy), 

T £ ip(x) = J if{y)i> £ (x, dy), <p G B b (R d ),x G R d . 
This yields that 

(5) e tA *<p{x) = e^-'^ifix) = e^e^^x). 

A consequence of (jSJ) is that we may consider the operator T £ and its powers 
instead of A £ . The fact that T £ is positive enables for more precise estimates. 
For n G N we define 



Wx,») = ]fMf.(z,y)iz 

+ {b £ ~b £ (y)) f n>£ (x,y) + (b £ - b £ (x)) n f e (x, y), 
where we let f\ £ = f £ . By induction and Fubini-Tonelli theorem we get 



(6) 



J V) dy = K- (b £ - b £ (x)) n , x G R d , n G N. 



Also, it was proved in [21)J Lemma 3] that for all e > 0, x G M. d , and neN 

(7) r>(x) = J <f(z)f n , E (x,z)dz+(b E -b E (x)) n <f(x), 

whenever (p G 5b(IR d ). 

The next lemma is crucial for our further investigation. The significance 
of the inequalities below is that before the expressions on the right hand side 
we obtain precisely the constants equal to one. 

Lemma 2 We have the following. 

(1) If (A.l), (A. 2) and (A. 4) hold then there is a constant C7 = Cf(<f), a, d) 
and the number k G (0, 1) such that 



Ibi 



\z - x\- a - d f £ (y, z)dz < (b £ (y) + oj) \y - x\~ a ~\ 



'B(y,n\y-x\) 

for every e G (0, 1) and for every x,y G M d . 

(2) If (A.l) and (A. 2) hold then there is a constant c§ = Cg(0, a, d) such 
that 

4>(\z — x\) r , . , ^ . . , 6(\y — x\) 
±f e (y, z)dz < (b £ (y) + c 8 ) T™_ " 

B(y,l) \ Z X \ \V X \ 

for every e G (0, 1) and for every \x — y\ > 2. 
Proof. First we prove the statement (1). We have 

/ \z-x\- a - d f e (y,z)dz 

J B(y,K\y-x\) 

= I [\z- x\~ a ~ d -\y- x\~ a ~ d ] f e (y, z)dz 

J B(y,K\y-x\) 

+ \y-x\- a - d [ fe(y,z)dz. 

JB(y,K\y-x\) 

We only need to estimate the first integral on the right hand side of the above 
equality. Denote 8(z) := \z — x\~ a ~ d , \z — x\ > 0. 

a-d-2/ 



dj9(z) = (a + d)\z- x\- a - d -\xj - zj), 
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and 



dj j i c d(z) = (a + d)\z — x\ 
This yields 



-a-d-2 



\x — z\ 



-a-d-2 



(9) sup \d jik 9(z)\ < (a + d)(a + d + 3)(l- K)- a - d - 2 \y -x\ 

zeB(y,K\y-x\), 

j,ke{i,...,d} 

for every k G (0, 1). Using the Taylor expansion for 9, (IE]) and (jSJ), (A.l), 
(A. 2) and (A.4), we get 



z — x\ 



-d-d 



< 



+ 



B{y,K\y-x\) 
f 

B(0,n\y-x\) 
f 

B(0,n\y-x\) 

f 

B(0,n\y-x\) 



\y-x\- a - d ]f E (y,z) dz 



(9(y + h)-9(y))f e (y,y + h)dh 



(9(y + h)- 9{y) - V9{y) ■ h) f e (y, y + h) dh 



v%) . h f e (v,V + h)-f e (y,y-h) dh 



< C\y - x\~ a ~ d \y - z|- a K 1_a («(l - K)" Q " d ~ 2 + 1) 



f(y,z) dz + c 7 l s > eo (\y - x\) 



< \y- x \^ d (l s<£Q {\y-x\) 

' \z— y\>n\y— x\ 

for sufficiently small K G (0, 1). This ends the proof of (1). 

We now show the statement (2). Let \x — y\ > 2. Similarly as before we 
have 



/ 

JB( y ,l) 



_r\°+d fe(y> Z ) dZ 



\Z — X\ 



(j){\z-x\) <j>{\y-x\) 



+ 



B(y,l) 
(p(\y-x\) 



z — x\ a+d \y — x 



a+d 



fe(V,z)dz 



f e (y,z)dz. 



\y - x\ a+d J B{ytl) 

Observe that it is enough to estimate the first integral on the right hand 
side of the above-displayed equality. Denote r](z) := <f>(\z — x\)\z — x\~ a ~ d . 
Clearly, by (A.l) (a)-(b), we have 



(10) 



max 



/ 

sup |<9j77(2i)|, sup \d jjk T)(z) 

zeB(y,l), z€B(y,l), 

\ie{i,...,d} j,ke{i,...,d} 



\ 



< Crj{y). 
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Using the Taylor expansion for 77, ( II Op . (A.l) and (A. 2), we obtain 

~(f)(\z-x\) (j)(\y-x\)~ 



< 



B(y,l) 

r 

5(0,1) 

r 

5(0,1) 



\z — X 



a+d 



\a+d 



f e (y,z) dz 



y-x 

(v(y + h)- rj(y)) f e (y, y + h)dh 
(rj(y + h)- rj(y) - Vrj(y) ■ h) f e (y, y + h) dh 



Vrj(y).h f ^ V + h) - f ^ y - h) dh 



'5(0,1) 

< c s r](y). 
which ends the proof. 



□ 



We now obtain estimates of f n>e {x,y). Our argument in the proof of 
the following lemma shows significance of assumptions on the dominating 
function 0. 

Lemma 3 If (A.l) - (A. 4) hold then: 

(1) there exists a constant eg = c$(<f),a,d) such that 

fn,z{x,y) < c g n (b £ + cr)"" 1 \y - x\~ a ~ d , 
for every x,y E M d , ee(0,l),nGN, 

(2) there exist the constants c\q = cio(0, a, d) and c\\ = Cn(<f),a,d) such 
that 

.n-i (j)(\y-x\) 



fnA X >y) ^ C 10^ ( b e + en) 1 

for every x,y E M d , e E (0, 1), n E N. 



\y — x\ a+d ' 



Proof. We use induction. Clearly, for n = 1 both inequalities hold with 
constants eg = M , c±o = M (and an arbitrary positive en), respectively. 
Consider first the inequality in (1). We will prove that it holds with constant 
eg = Mhi~ a ~ d , where k E (0, 1) is the number from previous lemma. 

Let 



fn,e{x,z)f £ (z,y)dz 



B(y,K\y-x\) c 
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/ + //. 



B(y,K\y-x\) 



By (A.l) (a) and we have 

/ < K- a ~ d M \y - x\~ a ~ d I f n , E (x, z)dz 



= K~ a ~ d M \y - x\- a ~ d [b n e - (b £ - b £ {x)) n ] . 
By symmetry of / (see (A. 3)), induction and Lemma [2] (1), we also have 

II < c 9 n{b £ + cr)"" 1 / \x- z\- a - d f e (y, z)dz 

J B{y,n\y-x\) 

< c 9 n(b £ + c 7 ) n -\b £ {y) + c 7 )\x - y\- a ~ d . 

We get 

fn+l,e( X ^y) = 1 + 11 + {be-b £ (y)) f n ,e( X ^y)+ {be-b £ (x)) n f £ (x,y) 

< MK~ a - d [b n e - (b £ - b £ (x)) n ] \y - x\- a ~ d 
+c 9 n(b £ + c 7 ) n -\b £ (y) + c 7 )\x - y\- a ~ d 
+ [h - b £ (y)) c 9 n(b £ + c 7 ) n ^\x - y\ 
+ (b £ -b £ {x)) n M\x-y\- a - d 

< c 9 (n + l)(b £ + c 7 ) n \x-yr a - d , 



-a—d 



which ends the proof of part (1). 

We now complete the proof of the inequality in (2). We will prove that it 
holds with constants c 10 = C\ max(c 9 , 2 a+d M) and Cn = max(c 7 ,c$ + Mc%). 
When \x — y\ < 2, then it directly follows from the part (1) and (A.l)(a). 
Assume now that \x — y\ > 2. We have 



f n>£ (x,z)f £ (z,y)dz = +/ =1 + 11. 

J JB(x,l) JB(x,1) c 

By (A.l) (a) and we get 



ii 



By symmetry of / (see (A. 3)), induction, Lemma[2](2) and (A.l) (c), we also 
have 



// < c 10 n(b £ + en)- 1 / f (|X *H fe(y, z)dz 

J Bix.lY \ X ~ Z \ 



B{x,l) c 

< c w n(b £ + c n ) n -\be{y) + c 8 + Mc 3 ) j^~^ . 



We get 



fn+l,e( x , V) = I + 11 + {b £ - b £ (y)) fn,e( X ' V) + { b e ~ M^))" fe( x , y) 

<f>{\y-x\) 



< 2 a+d M Cl [b n £ - (b e -b e (x)) n ] 



\a+d 



+c w n(b £ + c u ) n -\b £ (y) + c 8 + Mc, 



\y-x\ 

\x - y\ a+d 



vn-i/L \\ x ~y\) 



+ (be-b £ (y))cMh + cnr- 1 f^ d 



+ {b £ -b £ [x)YM^ X - y \ ) 



< ci (n+ l)(b e + en) 



x - y\ a+d 

<f>(\ x -y\) 

\x - y\ a + d ' 



□ 



Lemma 4 Assume (A.l), (A. 3) and (A. 4). Then there exists c\ 2 
Ci2(<ft,a,d) such that 

(11) 

fn,e( x ,y) < ci2b d J a {b n £ - {b £ - b £ {x)) n ) , x,y G R d , e G (0,e„), n G N. 
Proof. For n = 1 by (A.l) and (A. 4) we have 

M . „ /6 e (x)N , . , A,(x)\ (\ N d/Q 



/ £ (^2/)<-—7<M <M 



and so (PU holds with c i2 = Mce"^ 1 . Let (PU holds for some n G N with 
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Cx2 = M cq d l a 1 . By induction and the symmetry of f £ we get 

Wfo V) < c ^b d J a [K - (b £ - b £ (x)) n ) (^J f £ (y, z) dz + b £ - b £ (y) 
+ (b £ -b £ (x)) n c 12 bf a b £ (x) 
= c l2 {\) d/a (jp 1 - (5. - b e (x)) n+1 ) . 



□ 



In the following lemma we will need some additional notation. For a func- 
tion g we denote: b 9 £ (x) := f {y _ x{>£ g(\y-x\)f £ (x, y)dy and 6f = sup xgRd b% (x). 
We note that it follows from (A.l) that 



bi < c 13 e~ a . 

Lemma 5 If (A.l), (A. 3) and (A. 4) are satisfied then there exist c\± 
Ci 4 (0, a, d) and c 15 = Ci 5 (0, a, d) such that 
(12) 

UMV) < ci4 (be + c 15 ) n+d/a n- d/a , x, y e R d , £ e (0,e A 1), n G N. 
Proof. We may choose n 6N such that 

(13) (i- C6 / C5 r(n+i) d / a < 



n+ 1 

for every n> uq. For n < no by Lemma H] we have 

which yields the inequality (112j) with C14 = cun^ a in this case. For n > no 
we use induction. We assume that f fl~2|) holds for some n > n$ with C14 = 

max(ci2nQ^ Q , M r]~ a ~ d C6~ l ~ d / a ) and C15 = &f , where 

rf2 max(d/a,l)-l / ^/ (C13 (c 5 + C15) ) V 

p = , and r\ - 



a V 2 + 2p 

We have 



fn,sfaz)fe(z,y)dz= \ +/ =1 + 11. 

B(y,rje(n+l) 1 / a ) c J B{y,r l e{n+l) 1 / a ) 
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By (A.l), (A.4) and © we get 



I = / fn,e{x,z)f £ (z,y)dz 
J B{y,r l e{n+l) 1 / a Y 

< M f f nte (x,z)\y-z\- a - d dz 

J B(y,-qe{n+l) 1 / a ) c 



< M 7]- a - d e- a - d {n + l)- 1 ^/" J f n e ( x , z) dz 

< Mrr a - d CfT x ~ d,a Vt d,a {n + l)- 1 "^ \b n £ - (b £ - b £ (x)) n ] 
By induction, the symmetry of f e and (A.4) we obtain 



II = l fn,e( X ^ Z )fe(z,y)dz 
J B(y,rje(n+l) 1 / a ) 

^ IT. i \n+d/a -d/a I Je\yi z ) , 

< C14 [b £ + C15J n 1 \ — rr dz 



Cx4 



B(y ) »je(n+l) 1 / QI ) ~~ 2/1) 



By (T3~3|) we also have 

(14) (l- b -4^-) (n+l) d / a <(l-c 6 /c 5 r(n + l) d / a < — ^r- 
\ b £ J n + 1 

1 1 x 

Using the fact that 0(a) = 1 for a G [0, 1] and b£ (y) — b £ (y) = bf (y) < C15 



14 



we get 



f n +\,e{x,y) = I + 11+ (b e -b e (y)) f n , e (x,y) + (b £ - b £ (x)) n f £ (x,y) 
< c u bl +d/a (n + lY l ~ d/a [b n £ - {b £ - b £ (x)) n ] 



+c 14 (b £ + c 15 ) n+d/a n^bi(y)(l- 



c 4 r]- 



c\z{n + 1) 



+c 14 {b £ + Cl ,) n+d/a n-^ (b £ -b £ (y)) 
+c 1A bl +d / a {b £ -b £ (x)) n 



< c u (b £ + c 15 ) n+1+d/a (n + l) 



-d/a 



71 + 1 



b £ (x 



1 \ ' C4JI 



1 + - 



b £ + ci 5 V n) c 13 (n + 1) 



1 \ 
1+- 

71 j 



By (A.l), (A. 4), (IHj) and the following inequality 



bi{y) > c A e- 



> 



C4 



b £ + C15 C 5 £ a + C15 C 5 + C15 

the last expression is bounded above by 

IT \n+l+d/a 
C U (be + C15 J 

2 



X 



72 + 1 



{ n + iy d/a 

d/a 



< C14 (6 e + C15) 

2 



X 



n J \ n + 1 J 

n+1+d/a (n + iy d / a 

r]~ a cl/(c 13 (c 5 + C15)) 



72+1 



l+ p - 

n 

n+l+d/a 



77 + 1 



< c u (b £ + Cl ,) n+l+a/a (n + l) 



-d/a 



X 



1 - 



n 



1 {v~ a c 2 J(c 13 (c 5 + c 15 ))~2-2p) 



which gives 



fn+i,e{ x i V) ^ c i4 ( & e + c 15 ) n+1+d/a (n + 1) 



-d/a 
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□ 

Using the above lemmas we may estimate r™ and in consequence also the 
exponent operator e 1 ^ = e~ tbs e tVE . 

Lemma 6 Assume (A.l) - (A. 4). Then for all x G M. d and all nonnega- 
tive tp G Bf,(M. d ) such that x ^ supp(</9) we have 



e tA *tp{x) < c w texp( Cll t) I tp(y) f^ V ,^, dy, e G (0,1) 

\y — x\ a+a 



Proof. By ([7]) and Lemma [3] for every tp such that x G" supp((p) we get 
r>(*) < / V(y)oxon (b £ + en)- 1 dy, 

J \y •£] 

and 



= c 10 e- tb nJ2^^-, — - / <p(y) \ la ; d dy 

n=0 17 |y 1 

= c 10 texp(c n t) I p(y) ^ V _ \a+d d y- 

J \y x \ 



□ 



Lemma 7 Assume (A.l), (A. 3) and (A. 4). Then for every nonnegative 
tp G B b (R d ) n Li(R d ) we have 

e tA *tp{x) < c 14 exp(c 15 t)r^y tp(y) dy + e~ th ^tp{x), 

forx G M. d , e G (0,e A > 0. 

Proof. We directly deduce from Lemma[5]that for every tp G Bf,(M. d ) nLi(R d ) 
T n Mx) < c 14 (b £ + c 15 ) n+d ^n- d / a J tp(y) dy + (b £ - b £ (x)) n tp(x), 
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and, consequently, by [25] Lemma 9], we obtain 



e tAs ip(x) < e 



-tb £ 



ci4 hp(y)dy}_^ -^j- a + el- 

n=l 



□ 



Proof of Theorem^ Let t > 0, G £&(R d ), and x G M d . Denote: 



D = {y eR d :<P(\y 



x\)\y - x\ 



-a—d 



and Lemma [7J for 1d c< £ we obtain 

e tA °tp(x) = e tA ^l DV }(x) + e tA ^l D ^}(x 



< t 1 d l a } . Using Lemma |6] for 1 ^ 



d 12/ — x l Jd c 



< Cl e^ I <p{y) min ( t"^, ffijj^ ') ^ + e^'^W 



□ 



Proof of Theorem^ By Lemma 12 in [25] we have 

lim \\Aip - AeipWoo = 

for every </? G C£,(R d ). A closure of A is a generator of a semigroup and 
from the Hille-Yosida theorem it follows that the range of A — A is dense in 
Ccx^l^) and therefore by Theorem 5.2 in [27] (see also [9]) we get 



lim ||e Me 09 - P t ip\ 



0. 



for every if G C a 



By Theorem [T] this yields 



P t¥ >(x) < C ie C2t / y>(*) min r d/, \ 7 V '~ , ^ ) dz, 

\z — x\ 



-d/a t(j)(\z-x\) 



for every nonnegative if G C a 



□ 
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3 Discussion of examples 



We now prove the condition (A.l) (c) for functions of the form (J2J) for re- 
stricted set of parameters /3 and 7. First we recall some well known geometric 
fact, see e.g. [201 Lemma 5.3]. 

Lemma 8 The volume of intersection of two balls B(x,p+k) and B(y, n— 
p) such that \y — x\=nGN, l<p<n — 1, < k < n — p, is less than 

d+l d—1 

ck~ (min {p + k, n — p]) 2 . 

Proposition 1 Let the function <fi be of the form (J2J). Then the assump- 
tion (A.l) (c) is satisfied if /3 G (0, 1] and 7 < d/2 + a — 1/2. 

Proof. Let (3 G (0, 1] and 7 < d/2 + a — 1/2. First note that there is 
an absolute constant C = C(m,f3, 7) such that <fi(s)s~ d ~ a < C<fi(u)u~ d ~ a for 
\s — u\ < 1 whenever s,u > 1. By this fact, with no loss of generality we 
may and do consider only the case when \x — y\ = n for some even natural 
number n > 4. Let 

0(12/ — ^1) 0O d 



B{x,l) c nB(y,l) c W Z 



a+d \g ^.la+d 



We have 



< 2 / + 

J B(x,l) c r\B(y,n-l) c J (B{x,l) c nB(x,n-l))U(B(y,l) c nB(y,n-l)) 

= 21 + II. 



7< f dz < c 4>(\v - A) 



n l\a+d / |~|a+d — L. 



with some constant C = C(m, (3, 7, a, d). 

To estimate the term II we will need the additional notation. For 1 < 
p < n/2 and < k < n — p we denote: 

• Dp := {z E M. d : n — p — 1 < |z — y\ < n — p, \x — z\ < \y — z\}, 

• D p ^ k = Dp H {z G M. d : p + k < \z - x\ <p + k + l}, 



n 



p := max {k G N : D Ptk 0}. 
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Clearly, D p C IJfc=o ^p,k an d D pk C B(x,p + k + 1) n -£>(?/, n — £>). We have 
// < 2 a+c ^+ 1 | 2/ - x|- a - d+7 / — — ; dz 



g—m\x—z\Pg—m\y—z\P 

, T _ 7 \a+d— 7 
•/ l<|y— z|<ra— 1 , | a: — z|<|y— z\ l"° 

n / 2_1 /• -m\x-z\$ -m\y-zf 

= 2 a+d- 7+ i| ,_ a _ d+7 y- / e e ^ 

p=l -> L> p \ I 

"Z 2 " 1 /• p -m\x-zf p -m\y-z\e 

< 2^-^ - X \~ a - d+ ^ y y / — — ^ 

^ ^ Jd > \x- z\ a+d -~i 

p=l k=0 J u P' k 1 1 
ra/2-1 n„ m(p+fc )/3 m ( n _ p _ 1 )/3 

p=i k=o Ky ' 

Notice that (n — pf — (n — p — I) 13 < f3 when /3 G (0, 1]. Furthermore, since 
p + k<p + n p <n — p, we also have k 15 + n 13 < (p + ky + (n — p)" . These 
inequalities and Lemma [8] thus yield 

-mnP n/2-1 n p 



2 



p=l k=0 



p=l fc=0 



for some C = C(m, /?, 7, a, cZ). We conclude by observing that for (3 > and 
7<d/2 + a — 1/2 the last two sums are bounded by constant. □ 



REMARK 1 (1) When /3 > 1, then the condition (c) in assumption 
(A.l) fails. This can be shown by estimating from below the integral 

<t>{\y-A) 0(\ z ~ x \) 



Ib«x+v)/2,i) \y - A a+d \z - x\ a+d 

for \y — x\ big enough. 



dz 



(2) Also, if (5 = 1 and 7 = d/2 + a — 1/2, then at least for d = 1 the 
condition (c) in assumption (A.l) does not hold. In this case we have 

/x—1 
e- {x - z \x-z)- l e- z z- 1 dz = 2\og{x-l)e- x x~ 1 1 x > 2. 
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